We obtain approximate analytical solutions of two mathematical models of the dynamics of tobacco use and relapse including peer pressure using the homotopy perturbation method (HPM) and the homotopy analysis method (HAM). To enlarge the domain of convergence we apply the Padé approximation to the HPM and HAM series solutions. We show graphically that the results obtained by both methods are very accurate in comparison with the numerical solution for a period of 30 years.
Introduction
Epidemic models are a mathematical formulation of the spread and dynamics of a given biological behaviour. Some epidemic models [1, 2, 3, 4] have been successfully studied analytically. Similarly, and to the best of our knowledge for the first time, we study mathematical models for the dynamics of tobacco use and relapse including peer pressure analytically using both HPM and HAM. To enlarge the convergence of the analytical solutions we use the Padé approximations. Moreover, we verify our results with numerical solutions obtained by ode45 (an ode solver in Matlab).
In recent years the homotopy analysis method proposed by Liao in 1992 and the homotopy perturbation method proposed by He in 1998 have generated a lot of interest in solving different types of nonlinear problems as seen from the literature [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] . Both HPM and HAM can be applied to nonlinear problems and they do not require the existence of any perturbation parameter in the problem. Therefore, both techniques are useful to obtain approximate analytical solutions of nonlinear problems which do not contain small or large parameters. This paper is organized as follows. In Section 2, we present the two mathematical models of the dynamics of tobacco use and relapse including peer pressure. In Section 3, we briefly consider the basic concepts of HPM. Section 4 introduce the basics of HAM. In Section 5, the approximate solutions obtained by HPM and HAM and the corresponding Padé approximations are presented. A discussion is presented in Section 6. Finally, we present a brief conclusion in Section 7.
2 Models for the dynamics of tobacco use and relapse with peer pressure A general model for tobacco use with vital dynamics including peer pressure [30] is described by the following equationsṠ
A nonlinear relapse model including peer pressure [30] is as followṡ
where the dots denotes differentiation with respect to t. S, D, and R are the classes of individuals in a constant population size N, which has been taken as unity [30] through out the analysis. The class S is composed of individuals susceptible to becoming regular drug users, the class D is composed of individuals who are regular drug users. The class R is composed of individuals that are treating themselves in any form or that have recovered from habitual drug use. The parameter µ denotes the constant mortality rate; β denotes the per capita effective influence rate; γ is the recovery rate per habitual drug user per unit of time; δ denotes the relapse rate per recovered individual per unit of time and β ′ is the per capita effective influence rate for the relapse drug use. We keep the parameters as taken in [30] β = 0.625 δ = 0.89,γ = 0.15, µ = 0.10, β ′ = 1.4 fixed throughout the discussion. The initial conditions as taken in [30] for both the models are S(0) = 0.8, D(0) = 0.2 and R(0) = 0.
Fundamentals of HPM
For a brief description of HPM, we refer [32, 31, 33, 34, 35, 36] . Consider a general nonlinear equation in the form
with the following boundary conditions
where A is a general differential operator, f (r) is a known analytic function, B is a boundary operator, Γ is the boundary of the domain Ω and ∂ u/∂ η denotes differentiation along the normal drawn outwards from Ω [33] . In most cases, the A operator can be split into two operators, namely L and N, which represent the linear and the non-linear operators, respectively. Hence, (3.3) can be rewritten as
In a broad sense, a homotopy can be constructed in the following form
where p is a homotopy parameter, whose values range between 0 and 1, u 0 is the first approximation to the solution of (3.5) that satisfies the boundary conditions. Assume that the solution for (3.6) can be written as a power series of p
Substituting (3.7) into (3.6) and equating identical powers of p, it is possible to obtain the values for the sequence
. . When p → 1, it yields the approximate solution for (3.3) in the form
Fundamentals of HAM
We refer to [15, 18, 29, 37, 38] for more information on HAM. Consider the following nonlinear equation
where N is a nonlinear operator, u(t) is an unknown function, and t denotes the independent variable. The so-called zero order deformation equation is:
where, L is an auxiliary linear operator, p ∈ [0, 1] is the embedding parameter, h is a nonzero auxiliary linear parameter, u 0 (t) is the initial guess of u(t), and ϕ (t; p) is an unknown function. Obviously, at p = 0 and p = 1, we have
respectively. Thus, as p increases from 0 to 1, ϕ (t; p) varies from the initial guess u 0 (t) to the exact solution u(t). By expanding ϕ (t; p) in a Taylor's series with respect to p, one has
where
, L and h are properly chosen, such that the series (4.12) converges at p = 1, then we have
as the solution expression which would be one of the solutions of (4.9) as proved by Liao [37] . Differentiating equation (4.10) m-times with respect to p and then setting p = 0 and finally dividing by m!, we have the so-called m-th order deformation equation
where In this section, we present the solution procedure of the tobacco use and relapse models by using HPM and HAM.
HPM and HPM-Padé solution of the general model with vital dynamics
According to the HPM (relation (3.6)), we can construct a homotopy of the given system as follows 18) where the dots denotes differentiation with respect to t, and the initial approximations are
From (3.7), we assume that the solution of (5.18) can be written as a power series of p as follows In order to obtain the unknown v i, j (t), i, j = 1, 2, 3, . . ., we must construct and solve the following system of equations, considering the initial conditions of
We obtained v 1,3 , v 2,3 , and v 3,3 and the succeeding terms, nevertheless, because they were too cumbersome, we skip them and use them only in the final results. Using initial conditions, we consider that r 1 = 0.8, r 2 = 0.2, and r 3 = 0. Now, from (3.7), we obtain a 15-th order approximation, then setting p = 1 yields the approximate solution of (2.1)
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We obtain the following solution expressions In order to enlarge the domain of convergence, we apply a Padé approximant [39] to (5.25) to obtain S(t) [7/7] 
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HPM and HPM-Padé solution of the nonlinear relapse model
According to the HPM (relation (3.6)), we can construct a homotopy of the system considered as follows 
In order to obtain the unknown v i, j (t), i, j = 1, 2, 3, . . ., we construct and solve the following system of equations, considering the initial conditions of v i, j (0) = 0, i, j = 1, 2, 3, . . ., resultinġ
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We also obtained v 1,3 , v 2,3 , and v 3,3 and the succeeding terms, but because they were too cumbersome, we use them only in the final results. From (3.7), we obtain the 22-nd order approximation, then setting p = 1 yields the approximate solution of (2.1) to 
HAM and Padé solution of the general model with vital dynamics
To solve (2.1) by HAM, we choose the initial guesses as
and the auxiliary linear operator
with the property
where the c i 's are the constants of integration. The nonlinear operators for (2.1) are
The so-called zero order deformation equations are
The Taylor series expansion gives
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The m-th order deformation equations take the following form
with the initial conditions
For our convenience and for comparing HPM solutions we chose h 1 = h 2 = h 3 = h. After obtaining the terms like, v i, j for i, j = 1, 2, 3 iteratively, and choosing the proper value of h, the approximate solution of (2.1) from (5.38) at p = 1 becomes
The 15-th order HAM solutions for r 1 = 0.8, r 2 = 0.2, r 3 = 0 at h=-1 are 
HAM and Padé solution of the nonlinear relapse model
To solve the nonlinear relapse model (2.2) by HAM we follow the above methodology in the same manner. The only difference is in writing R i,m for i = 2, 3 in equation (5.40), we note that the form of R 1,m will be same because the first equation of both the models is same. The other two will take the following forms: In order to enlarge the domain of convergence, we apply the traditional Padé approximation as discussed in [37] to (5.50) and we obtain S(t) [4/5] The accuracy at h = −1 either by HAM or by HPM will be the same and it will take the same CPU time for computation. But to obtain much accurate results by HAM especially when we search for optimal h [15, 29, 38] , then the optimal procedure of HAM will take more CPU time in comparison to HPM or standard HAM procedures. Based on the numerical results of this work, we can state that the Padé aftertreatment of power series solutions, obtained by using HPM and HAM methods, is a tool that can achieve a remarkable enlargement of the region of convergence of solutions.
Conclusions
It is clear from Table [ The Padé approximation greatly increases the convergence region of the solution series for both techniques as depicted in Fig. (1-6) . For the general model Fig. (1-3) and for the nonlinear relapse model Figure (4-6) show excellent agreement with the numerical solutions. Finally, we conclude that both HPM and HAM are useful in solving nonlinear systems but HAM is more general than HPM. Nonetheless, HPM method can be easily applied to all kind of nonlinear problems, converting this technique into an attractive mathematical tool for engineers. We also note that using the Padé approximations, the region of agreement with the numerical solutions is remarkable enhanced for both HPM and HAM. For developing the HPM and HAM solutions, we have used Maple symbolic mathematics software and Mathematica numerical mathematics software, respectively.
